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Complete blocked triangular matrix rings over division rings are characterized as 
left artinian rings which satisfy suitably restricted primeness conditions. A matrix 
representation is also provided for the class of nonsingular left artinian C-prime 
rings. 0 1989 Academic Press. Inc. 
A complete blocked triangular matrix ring over a division ring D is a 
subring of M,(D), for some n, of the form 
M,,(D) M,,(D) 
0 
with n, + n, + . . . + nk = n. It is a simultaneous generalization of both a full 
matrix ring (the case when k = 1) and a triangular matrix ring (the case 
when k = n). A. W. Goldie [3] and I. Murase [S] have independently 
characterized such a ring as an indecomposable nonsingular generalized 
uniserial ring. One objective of this paper is to provide a characterization 
of complete blocked triangular matrix rings by conditions analogous to 
those of the Artin-Wedderburn characterization of full matrix rings over 
division rings. This is accomplished by introducing the following concepts 
of weakened primeness and semiprimeness conditions for rings. 
A ring will be called left C-prime if for any two nonzero closed left ideals 
J and K, either JK # 0 or KJ # 0. A left C-semiprime ring is one in which 
J2 # 0 for every nonzero closed left ideal J. A ring is said to be left I-prime 
if for every pair of nonzero left ideals A and B, there exist left ideals J- A 
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and K N B such that either JK # 0 or KJ # 0. A ring is left I-semiprime if for 
any nonzero left ideal A there exists a left ideal J% A with J2 # 0. Right 
C-prime, right C-semiprime, right I-prime, and right I-semiprime rings are 
defined similarly. A ring is called C-prime (respectively, C-semiprime, 
I-prime, I-semiprime) if it is both left and right C-prime (respectively, left 
and right C-semiprime, left and right I-semiprime, left and right I-prime). 
Clearly, a prime ring is both C-prime and Z-prime, and a semiprime ring is 
both C-semiprime and I-semiprime. 
It turns out that a ring is isomorphic to a complete blocked triangular 
matrix ring over a division ring if and only if it is left artinian, C-prime, 
and left I-semiprime (Theorem 3.2). Furthermore, in such rings, the 
number of diagonal blocks in a matrix representation as a complete 
blocked triangular matrix ring equals the nilpotency index of the prime 
radical. Hence the Artin-Wedderburn theorem for prime rings is an 
immediate consequence of Theorem 3.2. 
To keep this paper self-contained, standard facts are collected in 
Section 1. In Section 2, the fundamental properties of nonsingular artinian 
C-prime rings are investigated. Section 3 contains the characterization of 
complete blocked triangular matrix rings described above. Then in Sec- 
tion 4 we provide a matrix representation for the larger class of nonsingular 
left artinian C-prime rings. These are characterized as special subrings of 
complete blocked triangular matrix rings which are almost, but not quite, 
complete blocked triangular matrix rings (Theorem 4.2). This latter result 
was inspired by the methods of Colby and Rutter who provided a matrix 
representation of nonsingular left artinian rings which are direct sums of 
uniform left ideals [ 11. 
These results concerning C-prime rings are extended to the C-semiprime 
case in Section 5 using a standard technique. By considering the block 
decomposition of a left artinian ring, it can be seen that a nonsingular left 
artinian C-semiprime ring is isomorphic to a direct sum of C-prime rings. 
This enables us to show that a left artinian C-semiprime and left 
I-semiprime ring is isomorphic to a direct sum of complete blocked 
triangular matrix rings, and conversely (Theorem 5.2). 
We extend our thanks to Birge Zimmermann-Huisgen who assisted in 
materially improving the presentation of the results in this paper. 
1. PRELIMINARIES 
Throughout this paper R denotes a ring, not necessarily with an identity 
element unless explicitly stated. While the rings which appear in the main 
results of this paper all contain identity elements, this is a consequence of 
the hypotheses ince a nonsingular left artinian left C-semiprime ring must 
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have an identity element. All the preliminary lemmas and propositions are 
valid for arbitrary rings ; a good reference for this background material 
is [2]. 
The term R-module (without adjective) means a left R-module; a right 
module will be indicated explicitly. R-homomorphisms are written on the 
side opposite to the scalars. Direct sums are those of R-modules unless 
indicated otherwise. W= W(R) will denote the Jacobson radical of R. 
Let It4 be an R-module and N a submodule of M (indicated by N < M). 
If N is an essential submodule of M, we will write N ce M. A maximal 
essential extension of a submodule N in M is called a closure of N in M, 
and N is said to be closed in M if N has no proper essential extension in M. 
When the closure of N in M is unique, we will denote it by cl,(N). 
For any m E M, we set (N : m) = {r E RJ rm E N}. If N is an essential 
submodule of M then (N : m) is an essential eft ideal of R for each m E M. 
For ACM, we set l.ann(A)={rERIrA=O} and r.ann(A)=(rERIAr=O}. 
The singular submodule of M will be denoted by Z(,M). When 
Z( RM) = 0, M is called a nonsingular module, and R is called a nonsingular 
ring when RR is a nonsingular module. 
The string of lemmas below contains well known facts which are crucial 
to the theory that we are going to develop. 
LEMMA 1 .l. Let M be a nonsingular R-module. Then 
(a) 1. ann( A) is a closed left ideal of R for any A c M, and 
(b) the closure of a submodule N of M is unique, and 
In view of Lemma 1.1 (b), for a submodule N of a nonsingular module 
M, we may speak of the closure of N in M without any danger of con- 
fusion. Furthermore, any closed submodule of M which contains N must 
contain the closure of N in M. 
LEMMA 1.2. A nonzero homomorphism from a uniform R-module to a 
nonsingular R-module is manic; hence the endomorphism ring of a left 
artinian, nonsingular uniform R-module is a division ring. 
LEMMA 1.3. Suppose that R is a nonsingular ring and that I is a untform 
left ideal of R. Then I is nilpotent if and only if I2 = 0. 
Proof: Suppose that I” = 0 and I”- ’ # 0 for some n > 1. Then I”- ‘I= 0, 
so I”-’ c 1. arm(Z). From Lemma 1 .I and the fact that I” - i -C Z, we have 
that 1~ cl,(l) = cl,(Z”- ‘) c cl,(l.ann(Z)) = l.ann(Z). Therefore I2 = 0. 1 
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2. C-PRIME AND C-SEMIPRIME RINGS 
The next results concern the general properties of nonsingular artinian 
C-semiprime rings. The reader should recognize that there is an analogy 
between the properties of artinian semiprime rings and the properties of 
nonsingular artinian C-semiprime rings. 
A ring in which no nonzero closed left ideal is nilpotent was called a left 
potent ring by R. E. Johnson [4]. From Lemma 1.3 we see that for a non- 
singular left artinian ring, being left C-semiprime is equivalent to being left 
potent. 
LEMMA 2.1. if R is a right C-semiprime ring and e2 = e E R with eRe a 
division ring, then eR is a uniform right ideal of R. 
Proof: Let A # 0 be any right ideal contained in eR and choose a 
maximal essential extension B of A in eR. It suffices to show that B = eR. 
B is a closed right ideal of R because it is a closed submodule of a direct 
summand of R,. If Be = 0 then B2 c BeR = 0, contradicting the fact that R 
is right C-semiprime. Hence Be # 0. Since Be is a right ideal of the division 
ring eRe, Be = eRe. Then e E eRe = Be c B, so B = eR. 1 
We now introduce the key result which sets the stage for a matrix 
representation of nonsingular artinian C-prime rings. The proof of Part (3) 
of the next proposition is adapted from Goldie’s Lemma 8.5 in [3]. 
PROPOSITION 2.2. Let R be a nonsingular left artinian ring. 
( 1) If R is left C-semiprime, then R = Re, @ . . Q Re, where each 
et = ei, each Re, is uniform, and Re, is simple for at least one j < n. Further- 
more, R has an identity element. 
(2) If R is left C-prime, then there exists a decomposition as in (1) 
such that Re, embeds in Re,, , for each i < n. 
(3) If R is left C-prime and right C-semiprime, then each primitive left 
ideal of maximum composition length is faithful and quasi-injective. 
ProoJ (1) Let S, be a minimal left ideal of R. Then C, = cl,(S,) is a 
closed uniform left ideal, and so C: # 0. Since R is nonsingular left artinian 
and C, is uniform, C, = Re, for some idempotent e, E R. If R( 1 -e,) #O, 
repeat this procedure, choosing a simple left ideal S, c R( 1 -e,) with 
cl,(S,) c R( 1 - e, ). This process must terminate after finitely many steps, 
yielding a decomposition R = Re, @ . . 0 Re, with each e: = e, and each 
Rei uniform. 
The radical W of R is nilpotent, hence cannot be an essential eft ideal. 
Since each Re, is uniform, it follows that We, = Wn Rej = 0 for some j. 
Hence Re, is a simple left ideal of R. 
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Since R is left artinian, we may write R = Re @ N with e* = e and N a 
nilpotent closed left ideal. If N # 0 then N must contain a closed uniform 
left ideal I. But then, by Lemma 1.3, I* = 0, contradicting the C-semi- 
primeness of R. Thus N = 0 and R = Re. But then (1 - e) R c r. arm(R) c 
Z(,R) =O. Hence R=eR@ (1 -e)R=eR and e is an identity element 
for R. 
(2) By hypothesis, either e,Re, # 0 or e,Re, # 0 for all i, Jo { 1, . . . . n}. 
Since e,Re, N Hom,(Re,, Re,), we may apply Lemma 1.2 to conclude that 
ei Re, # 0 if and only if Re, embeds in Re,. Hence the decomposition in (1) 
can be rearranged so that Re, embeds in Rei+ , for each i < n. 
(3) Let Re, e* = e, be a primitive left ideal of R of maximum com- 
position length. Set M= Sot, Re, the unique minimal left ideal contained 
in Re. Since Re is nonsingular and uniform, it suffices to show that each 
0 # TV EEnd, M extends to an endomorphism of Re. 
Write M = Ra and suppose that aor = b o M. Since 1. arm(a) = 1. arm(b) is 
a maximal non-essential eft ideal of R, we may write R = l.ann(a) GJ Rf 
where f * =f, Rf is a minimal left ideal, and l.ann(a) = R( 1 -f). Now 
a, b E r.ann(l.ann(a)) = fR, and fR is uniform by Lemmas 1.2 and 2.1, so 
there exist Y, s E R with ar = bs # 0. In view of (1) and (2) Re is faithful, so 
arRe #O. Choose tE R with arte#O. Noting that a = ae and b = be, we 
have 0 # aerte = beste. Since eRe is a division ring, aa = b = a(erte)(este)-‘, 
and thus c( is given by right multiplication by (erte)(este) - ’ E eRe. 1 
3. Z-PRIME AND I-SEMIPRIME RINGS 
In this section, we present the promised characterization of complete 
blocked triangular matrix rings as left artinian rings which satisfy restricted 
primeness conditions. A ring which is both C-prime and Z-prime will be 
called a CZ-prime ring for short. Similarly, a C-semiprime and I-semiprime 
ring will be called CZ-semiprime. 
PROPOSITION 3.1. Let R be a left artinian, left I-semiprime ring. Then R 
is nonsingular and each uniform left ideal of R is uniserial. 
Proof: Since R is left artinian, Z( RR) = r.ann(Soc, R). Also, 
(Sot, R)M # 0 for any minimal left ideal A4 because R is left I-semiprime. 
Hence Z(,R)=O. 
Let A be a nonzero uniform left ideal of R. There exists a left ideal .Z 2: A 
with J* # 0. By Lemma 1.3, J is not nilpotent, so .Z must be a direct sum- 
mand of R. WJ is therefore the unique maximal R-submodule of J. This 
shows that every uniform left ideal has a unique maximal R-submodule, 
hence must be uniserial. 1 
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THEOREM 3.2. For a ring R, the following conditions are equivalent. 
(1) R is a left artinian CI-prime ring. 
(2) R is left artinian, left C-prime, right C-semiprime, and left 
I-semiprime. 
(3) R is isomorphic to a complete blocked triangular matrix ring over 
a division ring. 
Proof ( 1) * (2) trivially. 
(2) j (3) R is nonsingular by Proposition 3.1. 
Next, apply Proposition 2.2 to write R = Re, @I . . @ Re, where each Re, 
is uniform, Re, embeds in Rei+ , for every i < n, Re, is simple, and Re, is 
quasi-injective. Define D = e, Re,. Since R has an identity element, R is 
isomorphic to 
and (3) will follow if we can exhibit natural isomorphisms e,Re, ‘v D 
whenever the composition length of Re, is less than or equal to the 
composition length of Re,. For e,Re, 5 Hom,(Rei, Re,) = 0 whenever the 
composition length of Rei exceeds that of Re,. 
By Proposition 2.2, each Re, embeds in Re, and Re, is quasi-injective. 
Since Re, is uniserial (Proposition 3.1), it follows that every Re, is quasi- 
injective. Hence e,Re, N Hom,(Re,, Rej) N Hom,(Soc Re,, Sot Re,) 2 D 
whenever the composition length of Re, is less than or equal to that of Re,. 
(3) 3 (1) We may assume that R is a complete blocked triangular 
matrix ring over the division ring D with diagonal blocks 
M,,(D), . . . . M,,(D). By symmetry, it suffices to show that R is left C-prime 
and left Z-prime. We defer the proof that R is left C-prime until the more 
general situation encountered in Proposition 3.3. 
To see that R is left I-prime, suppose that I and J are two nonzero left 
ideals of R. Let e,, , ,.., enn be the standard diagonal matrix units. We may 
write Z=A,@ . . 0 A, with each Ai 21 WjRe,, for some j. Thus we can 
arrange the Ais so that Ai embeds in Ai+, for every i < p. 
We claim that if A, ‘v Rem,,, with m=n,+ ... +n, then pdn,+n,+,+ 
. . . +n,. The reason is that I has p composition factors isomorphic to 
Rem,1 We,, while R has only n, + . . . + nk such composition factors, Then 
simply by a counting argument, we see that there exists an embedding 
q:IGRe,@...@Re,, with j=n-p+l and (A,@ ... @A,)cpc 
Rej+ I,/+ I 0 ... 0 Re,,. Then (A2 @ . . @ A,,)cp n Re,, = 0, where 
q=n, + ... +nipl + 1; and I”=(A,@ . ..@A.,)cpORe,,-I since 
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ReyyzRe,,2:A,. Similarly, J N B@ Re,,,, = s for some left ideal B and 
some h. Therefore, ?J# 0 if q < h and z# 0 if h < q. u 





0 . . 
M,,(D,) i 
where D, , . . . . D, are division subrings of a division ring D, k > 2, and Di = D 
whenever ni > 1. Then the following conditions are equivalent : 
(1) R is left C-prime; 
(2) R is left C-semiprime ; 
(3) D1=D. 
Proof. Observe first that R is nonsingular with {(a,) E R 1 a, = 0 
whenever i> n, } the unique minimal essential eft ideal of R. 
(1) j (2) is trivially true. 
(2)=-(3) If D,#D then ((azj)ERlatiED, when lbi<n, and 
n - nk < j d n, and a, = 0 otherwise} is a nilpotent closed left ideal of R. 
(3) * ( 1) Let I and J be arbitrary nonzero closed left ideals. The given 
structure of R allows us to choose elements 
P 4 
O...O 1 a 
LX= R+l...a,)tzandB=(O...O 1 2+l...h.)E J 
for some p and q. Set N, = 0 and N, = n, + ... + ni for i= 1, . . . . k, and 
define 
Then 7 is a left ideal of R and fc I because Rcc is essential in 7 and I 
contains the closure of Ru. Similarly, defining 
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we conclude that Jc J. Now it is easy to see that n# 0 if p < q and n# 0 
if q < p. This completes the proof that R is left C-prime. 1 
4. NONSINGULAR ARTINIAN C-PRIME RINGS 
PROPOSITION 4.1. Let R be a nonsingular left artinian left C-semiprime 
ring and suppose that e and f are primitive idempotents of R with Re @ Rf a 
direct summand of R and with the composition length of Re less than or equal 
to that of RJ: Then Rf is Re-injective. 
Proof Suppose that 0 # cp E Hom,(A, Rf) is given with A a left ideal of 
R contained in Re. Define L = (x + xcp 1 x E A }. L is a left ideal isomorphic 
to A and L c Re @ Rf Then C = cl,(L) is a closed uniform left ideal con- 
tained in Re@ Rf Let n, and nn2 denote the canonical projection maps of 
Re@ Rf onto Re and Rf, respectively. 7ci 1 c is a monomorphism of C into 
Re; we claim that it is an isomorphism. If not, then 0, c We, and since 
the composition length of We is less than or equal to that of Wf, we would 
alsohaveCrr2CWJ:ButthenC=C(rr,+rc2)cWe+WfcWandCwould 
be nilpotent, contradicting the hypothesis that R is left C-semiprime. Hence 
rc, is an isomorphism of C onto Re and rc; I 0 7c2 : Re -+ Rf is the desired 
extension of cp. 1 
THEOREM 4.2. For a ring R the following conditions are equivalent. 
(1) R is a nonsingular left artinian left C-prime ring. 
(2) For some division ring D, R is isomorphic to 
(i) D1, . . . . Dk are division subrings of D with D left finite dimen- 
sional over each Di whenever i < k ; 
(ii) D, = D, and Di = D whenever ni> 1. 
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Proof: (1) 3 (2) We apply Proposition 2.2 to write R = Re,, @ 
. . . @ Re,,,, @ Re,, 0 ... @ Re,,,@ .. . 0 Reknkr where Re, N Re,,, for every 
i, j, h; Rev embeds in Re,, ,,h for every i, j, h; and Re,,, Re,,, . . . . Re,, are 
the distinct isotypes of primitive left ideals. From Proposition 4.1, we learn 
that Rev is Re,,-injective whenever i < p and (i, j) # (p, q). 
Define Di = e,, Re,, , a division ring. Just as in the proof of (2) + (3) in 
Theorem 3.2, we use Proposition 4.1 to establish that R is isomorphic to 
the matrix ring described above where Di z D = e, Re,, except possibly 
when ni= 1, in which case Di is naturally isomorphic to a subring of D 
because Di 2: Hom,( Re,z,, Re,,,) embeds in Hom,(Soc RentI, Sot Re,,,)= D. 
D must be a finite-dimensional eft D,-vector space because R is left 
artinian. 
(2) + (1) It is evident that R is a nonsingular left artinian ring, and R is 
left C-prime by Proposition 3.3. 1 
Applying the right-symmetric version of Proposition 3.3 to this theorem 
yields the following consequence. 
COROLLARY 4.3. When R is the matrix ring described in Theorem 4.2(2), 
the following conditions are equivalent: (1) R is C-prime; (2) R is right 
C-semiprime; (3) D, = D. 
Theorem 4.2 shows that a nonsingular left artinian C-prime ring is not a 
complete blocked triangular matrix ring in general. Similarly, it is easy to 
provide an example which illustrates that being an artinian Z-prime ring is 
not enough to characterize a complete blocked triangular matrix ring. 
EXAMPLE 4.4. Let R = (o Q Qyq. It can readily be verified that R is 
two-sided artinian and Z-prime (and hence nonsingular). But R cannot be 
embedded in any M,(D) as a complete triangular matrix ring because R is 
4-dimensional over Q and Q is a prime field. 
5. ARTINIAN C-SEMIPRIME RINGS 
PROPOSITION 5.1. Let R be a nonsingular left artinian ring. Then R is left 
C-prime if and only if R is a left C-semiprime and indecomposable ring. 
Proof C-primeness certainly implies C-semiprimeness and indecom- 
posability. Conversely, assume that R is a left C-semiprime and indecom- 
posable ring. It suffices to show the eRf #O or fRe #O for each pair of 
primitive idempotents e and f: This is obvious when Re N Rf, so we may 
assume that Re and Rf are not isomorphic. Then by the Krull-Schmidt 
Theorem, we may further assume for our purpose that Re n Rf = 0 and 
that Re @ Rf is a direct summand of RR. 
481/124/l-10 
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Since R is an indecomposable ring, there is only one isomorphism 
type of minimal left ideal ; in particular, Sot Re N Sot Rf under some 
isomorphism cp: Sot Re -+ Sot Rf By Proposition 4.1, either Rf is Re-injec- 
tive or Re is Rf-injective, and hence either cp extends to a nonzero element 
of Hom,(Re, Rf) or @i extends to a nonzero element of Hom,(Rf, Re). 
Thus, either eRf # 0 or fRe # 0. 1 
Like nonsingularity and the minimum condition, C-semiprimeness and 
I-semiprimeness are inherited by the indecomposable blocks of a left 
artinian ring. If view of the preceding proposition, a nonsingular left 
artinian left C-semiprime ring is a direct sum of nonsingular left artinian 
rings, each of which is left C-prime. Thus, the following results are direct 
consequences of Theorem 3.2 and Theorem 4.2. 
THEOREM 5.2. R is a left artinian, C-semiprime, and left I-semiprime ring 
if and only if R is isomorphic to a finite direct sum of complete blocked 
triangular matrix rings, each over a division ring. 
THEOREM 5.3. R is a nonsingular left artinian left C-semiprime ring if 
and only if R is a finite direct sum of nonsingular left artinian left C-prime 
rings. 
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